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Abstract 

We give two recursions for computing top intersections of tautological classes on blowups of 
moduli spaces of genus-one curves. One of these recursions is analogous to the well-known 
string equation. As shown in previous papers, these numbers are useful for computing genus- 
one enumerative invariants of projective spaces and Gromov-Witten invariants of complete 
intersections. 
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1 Introduction 



Moduli spaces of stable curves and stable maps play a prominent role in algebraic geometry, 
symplectic topology, and string theory. Many geometric results have been obtained by utilizing 
the fact that the moduli space 9Ko,fc(P"', d) of degree-d stable maps from genus-zero curves with k 
marked points into P" is a smooth unidimensional orbi-variety of the expected dimension. This is 
not the case for positive-genus moduli spaces 97lg^jt(P", d). However, if (i>l, the closure 

M°,(P",d)cMi,fc(P",d) 

of the space /.(P", d) of stable maps with smooth domains is an irreducible orbi-variety of the 
expected dimension. This component of 9Jti^fc(P"', d) contains all the relevant genus-one information 
*Partially supported by an NSF Postdoctoral Fellowship 



for the purposes of enumerative geometry and, as shown in jLZj and 0, of the Gromov-Witten 
theory. 

For d > 3, OJt'i' fc(P", d) is singular. A desingularization of the space Tli d), i.e. a smooth 
orbi- variety Tl^f^{F^,d) and a map 

which is biholomorphic onto 9Jl'j' ^(P", d), is constructed in |VZj . Via this desingularization and 
the classical localization theorem of |ABj . intersections of naturally arising cohomology classes on 
dJli j.{F^,d) can be expressed in terms of integrals of certain V'-classes on moduli spaces of genus- 
zero and genus-one stable curves and on blowups of moduli spaces of genus-one stable curves; see 
below for more details. The former can be computed through two well-known recursions, called 
string and dilaton equations; see Section 26.3 in In this paper we obtain two recursions which 
can be used to express the latter numbers in terms of the former ones; see Theorem ll.ll b elow . One 
of these recursions generalizes the genus-one string relation. 

If J is a finite nonempty set, let ^AlJ be the moduli space of genus-one curves with marked points 
indexed by the set J. Let 

be the Hodge line bundle of holomorphic differentials. For each j G J, we denote by 

Lj — > Mij 

the universal tangent line for the jth. marked point and put 

iPj = ci{L*)eH*{Mi,j;Q)- 

If {cj)j^j is a tuple of integers, let 

Let / and J be two finite sets, not both empty. The inductive procedure of Subsection ?? in |VZj . 
which is reviewed in Subsection 12.11 below, constructs a blowup 

^: J^i,{l,J) — ' Mijuj 

of Mijuj along natural subvarieties and their proper transforms. In addition, it describes + l 
line bundles 

and |/| nowhere vanishing sections 
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These line bundles are obtained by twisting E and Li. Since the sections Sj do not vanish, all 
line bundles Li and E* are explicitly isomorphic. They will be denoted by 

and called the universal tangent bundle. Let 

be the corresponding "V'-class" on A^^ (/ j). If (c, {cj)j^j) is a tuple of integers, we put 

If ^jgjCj 7^ I J|, c<0, or Cj<0 for some j£J, we define this number to be zero. 

Theorem 1.1 Suppose I and J are finite sets, such that |/| + | J| >2, and (c, {cj)j^j) is a tuple of 
integers. If cj* = for some j* € J, 

If and Cj > /or a// j G J, 

(c; (Cj,-)jgj)^|^|^|^|^ = (c; (ci)iej)(|j|_ijj|+i)- 
Corollary 1.2 /// and J are finite sets and I^'i), then 

(^l^l+l^l A^/,.) = ,^-|/|l^l-(|/|-l)! 



We recall that 

Thus, Corollarv 11.21 follows from Theorem 11.11 bv applying the first recursion |J| times and then 
the second recursion followed by the first |/| — 1 times. 

It is immediate from the construction of Subsection 12. II below that 

7 = ^> = 'Mijuj and -0 = A = ci(E). 

Thus, the two recursions of Theorem ll.il along with the string and dilaton equations, provide a 
straightforward algorithm for computing all numbers (ll.ljl . 
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9Jl°fc(P",(i) ---OT;;,(P",d) 



OT" (P",d) 



OTi,fc(P",d) 



-^OTl,fc_l(p",d) 



Figure 1: Some Natural Properties of 9Jt? ^(P", d) 



Note that if we take c = in the first equation of Theorem 11.11 we recover the genus-one string 
recursion for -(/'-classes. This equation is proved in Subsection 12.21 bv an argument similar to the 
standard proof of the string recursion. In particular, we consider the forgetful morphism 

/: Mijuj — > Miju{j-{j*})- 
We show in Subsection 13.31 that it lifts to a morphism on the blowups, 

The first recursion of Theorem ll.ll is obtained by comparing with f*'ip. On the other hand, the 
second equation of Theorem 11.11 follows easily from the relevant definitions, which are reviewed 
in Subsection 12.11 The reason is that the blowups of Mijuj corresponding to the two sides of 
this equation differ by blowups along loci on which Iljgj vanishes; see the end of Subsection 12. 11 



In |VZj . it is observed that if n<m, the natural embedding 

t:Mi,fc(P",d) ^Mi,fc(F'",a!) 
induced by the inclusion P" — >P™ lifts to an embedding on the desingularizations: 

Proceeding analogously to Subsection 13.31 one can show that if A:>0 the forgetful morphism 

/:Mi,fc(P",d) ^Sati,fc_i(P",d) 

lifts to a morphism 

/:^Ofc(P",(i)^^?,,_i(P-,d). 

Thus, the desingularization Tl^i^{F"-,d) of ^t*j'^(P",d) constructed in jVZj respects at least two 
properties that play a central role in the Gromov-Witten theory; see Figure ^ 



2 Preliminaries 

2.1 Blowup Construction 

If / is a finite set, let 



Ai{I) = {{Ip,{lk: keK}): K^^; 1= |J 4; |4| >2 VA;Gi^}. 

ke{P}UK 



(2.1) 
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Ip^{ii,i2} 
K = {1,2,3} 

11 = {i3,U} 

12 = {i5,k} 



Here P stands for "principal" (component). If p = (/p, {/^ : k E K}) is an element of we 
denote by Mi^p the subset oi Mij consisting of the stable curves C such that 

(i) C is a union of a smooth torus and \K\ projective lines, indexed by K; 

(ii) each line is attached directly to the torus; 

(iii) for each k£K, the marked points on the line corresponding to k are indexed by Ik- 

Let Mi,p be the closure of Mi,p in Aiij. Figure |21 illustrates this definition, from the points of 
view of symplectic topology and of algebraic geometry. In the first diagram, each circle represents 
a sphere, or P^. In the second diagram, the irreducible components of C are represented by curves, 
and the integer next to each component shows its genus. It is well-known that each space A4i,p is 
a smooth subvariety of Mij. 

We define a partial ordering on the set ^i(/)U{(/, 0)} by setting 

p' ^ {I'p, {4 : k G K'}) ^p^{lp,{I,:ke K}) (2.2) 

if p' ^ p and there exists a map 99 : K — > K' such that Ik C -^^(fc) for all k^K. This condition means 
that the elements of Mi,p' can be obtained from the elements of Mi,p by moving more points onto 
the bubble components or combining the bubble components; see Figure 01 

Let / and J be finite sets such that / is not empty and |/| + | J| >2. We put 

Ai{I,J) = {{{IpUjp),{IkUJk:k£K})GAi{IUj): h^^^keK]. 

We note that if q^Ai{IUJ), then q^Ai{I, J) if and only if every bubble component of an element 
of Mi,Q carries at least one element of /. The partially ordered set {Ai{I,J),<) has a unique 
minimal element 

i?min = (0,{/Uj}). 




Figure 3: Examples of Partial Ordering 1)2.2(1 
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Let < be an ordering on Ai{I, J) extending the partial ordering -<. We denote the corresponding 
maximal element by ^'max- If Q^A.i{I, J), we put 



^ \max{g' £Ai{I,J): q' <g}, i^gT^gmm, 3) 
1 0, iig = gmm, 



where the maximum is taken with respect to the ordering <. 

The starting data for the blowup construction of Subsection ?? in jVZj is given by 



Eo = E — ^AT?,(7,j), and Lo^i = Li — >M°i^^j) V«G/. 

Suppose g£Ai{I, J) and we have constructed 

(/I) a blowup vr^-i : A^i (/ j) — ^-^^,(7,7) of -^1,(7, J) such that tt^-i is one-to-one outside of 
the preimages of the spaces Al^^^/ with g' <g — 1; 

(/2) line bundles Lg-i^i — ^-Mijj j^ for iGl and E^_i — ^A^i,(7.j)- 
For each g*>g—l, let M^J^ be the proper transform oi^M^g* in Ml(j jy 

If g£Ai{I, J) is as above, let 

^t*: ^1,(7, J) — '^Vilj) 
be the blowup of along Aif J^. We denote by ^ the corresponding exceptional divisor. 

If g* > g, let M^ ^, CMf j^j j^ be the proper transform of M^ gl. If 

g = {{IpUjp),{IkUJk: keK}) eAi{IUj) and iel, 

we put 

It is immediate that the requirements (/I) and {12), with g—1 replaced by g, are satisfied. 
We conclude the blowup construction after I^PmaxI steps. Let 

M,,(i,j) = MtjTj) > = L,_,i Vie/, E = E,^^^ . 



By Lemma ?? in |VZj . the end result of this blowup construction is well-defined, i.e. independent 
of the choice of an ordering < extending the partial ordering -<. The reason is that different exten- 
sions of the partial order -< correspond to different orders of blowups along disjoint subvarieties. 
By the inductive assumption (/4) in Subsection ?? of VZ , there is a natural isomorphism between 
the line bundles Li and E*. Thus, these line bundles are the same. We denote them by L. 

We are now ready to verify the second equation in Theorem ll.il If i* €/, 

Ai{l-{i*},JU{i*}) C Ai{I,J) and 
AiiI,J)-Ai{l-{i*},JU{i*}) = {g={lpUjp,{{i*}UJi}u{IkUJk: k e K'}) £ Ai{IUj)} . 
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With Q as above, we have a natural isomorphism 

ATi,g f« ATi,^ X ATo,{g,i*}uJi> where q = {lpUJpU{p} ,{hUJk: k^K'}) . 

Let 

be the projection map. By definition, 

\m,,, = ^aV'j V J G Ji =^ JJVi 1^^^^ = < = = 0, 

since the dimension of ■A^o,{g,i*}uJi is |Ji| — 1. It follows that 

Thus, the constructions of -0 = ci (IE) from A = ci(Eo) for Ali^(/_{j*}^ju{j*}) and differ by 

varieties along which njgjV'j^ vanishes, as long as Cj >0 for all j G J. We conclude that 

whenever Cj > for all j ^J, as needed. 

2.2 Outline of Proof of First Recursion in Theorem 11.11 

In this subsection we state three results, Proposition 12.11 and Lemmas 12.21 and 12.31 that lead in a 
straightforward way to the first recursion of Theorem II. 11 They are proved in the next section. 

If / is a finite set and i,j are distinct elements of /, let 

P,, = {l-{i,j},{{i,j}}) eAiil). 
There is a natural decomposition 

= ■Mi,{i-{i,j})u{p} X -Mo,{<7,i,j}- (2-5) 
The second component is a one-point space. Let 

TTp, TTB ■■ ^ -A^l,(/-{j,j})U{p}, -^O.jgAi} (2-6) 

be the two projection maps. Here P and B stand for "principal" and "bubble" (components). It 
is immediate that 

Mm,, =^p^ and (2.7) 

{TT^ib^i , if j' ^i, 7; , , , 

p^j ' ^ Vj'G/. 2.8 

n%^P,,=0, ifj' = i,j; 



7 



In the j' = i,j case the restriction of ipj' vanishes because the second component is zero-dimensional. 

If I is a finite set, |/| >2, and j* £l, there is a natural forgetful morphism 

f:Mi,i — >Mij_^j,}. 

It is obtained by dropping the marked point j* from every element of Mij and contracting the 
unstable components of the resulting curve. It is straightforward to check that 

A = f*X and (2.9) 

^^ = r^J + M^ =^ />.Ia?i, =^*p^p VjG/-{r}; (2.10) 

see Chapter 25 in II . for example. From (|2.8j) and 1)2. 1U|) . we find that 

= V'? "'(/>,■ + = + {n*pi;;^-')nMi,,^^, VjG/-{i*}, c, > 0. (2.11) 



If / and J are finite sets, and j G J, then Mi^g^^ is a divisor in A^i,/uj. Thus, in the notation 
of the previous subsection, 

Since Qij is a maximal element of (^i(/, J), ^), the blowup loci at the stages of the construction 
described in Subsection 12.11 that follow the blowup along M^i^g.^ are disjoint from A^i'^.^- Thus, 
we can view A^i'^^^. as a divisor in A^i^(/^j). We denote it by Mi^g^y If i,j G J, M.i,Qij is also a 
divisor in Aiijuj- Thus, its proper transform A^i^^-^ in is a divisor for every q^Ai{I, J). 

Let _ ' _ ' ' 

Proposition 2.1 Suppose I and J are finite sets such that |/| + |J|>2 and j*€J. If 

71": -^i,{/,J) — ' Mijuj and it: — > Miju{j-{j*}) 
are blowups as in Suhsection \2.1\ the forgetful map 

/: Mijuj — > -^i,/u(J-{j*}) 



lifts to a morphism 

see Figure\^ Furthermore, 



iei 



Lemma 2.2 With notation as in Provosition \2.1V for all i(zl 

^i,Q,j* = Mi,{{i-{i})u{p},j-{j*}) X Mo,{q,i,j*} and 

VrpOTT = TTOTTp: Ml,i,.., > A^l,((7-{i})u{p})U(J-{i*})' 
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Ml. 



luj 



Miju{j-{j'}) 



Figure 4: Illustration of Main Statement of Proposition 12. II 



where 



TTp: M 



is again the projection onto the first component. Furthermore, if ip denotes the universal ip- class 
and f is as in Proposition \2.1\ then 



V'l^ =0 and (/»|~ =^|,V- 



and 



Lemma 2.3 With notation as in Provosition \2.1V for all j (zJ — {j*} 

=-^i.f,r ~ -^i,(/,(J-{i,i*})u{p}) X -^o,{gj,i*} 
vrpovr = TTovrp: Mi^g^^, — > Miju{{J-{j,j*})u{p}), 

where 

is again the projection onto the first component. Furthermore, if ip denotes the universal ip- class 
on and on Ali,(/,(j_{jj.})u{p}), then 



We are now ready to verify the first identity in Theorem ll.il We can assume that ct^O; otherwise, 
it reduces to the standard genus-one string equation. Note that if ii, ^2 £ and ii^i2, then 

n TWi,,^^^.. = =^ Mi,,^^^, n Mi,,^^^^ = 0. (2.12) 

Thus, by Proposition 12 . II and Lemma 12.21 applied repeatedly, 

r = r-' (/> + E -^i-f.r ) = + E (^p^'"') n A^i,,,,* • (2.13) 

On the other hand, by (|2.11l) and Lemma 12.31 

7r*^p''/ = rvr^;^ + (7r|,7r>^^"') CiMi,,^^, V j G J-{j*}. (2.14) 
If Cj = 0, we define the last term in (|2.14() to be zero. Similarly to 1)2. 12() . 

A^wnTWi.,. =0 =^ A^i,,_ n A^i,,,,. = yjeJ-{j*},iGiuJ-{j,f}. (2.15) 



Thus, by ^^TWi . (tTTH) . and Lemmas lO and lO 

(c; (ci)i6J-U*}>(|/|,|j|) = {i'" ■ n^*€' '-^i'(^-^), 

jeJ-{j*} 

iGJ-{j*} ie/ ieJ-{j*} 

ieJ-b*} i'eJ-{i*,i} 

= + E (^'"' • n^>?'-^i.((^-W)uM,^-0-*})) 
ie/ je,/-{i*} 

+ 5^ ■ vr>p^'' • n^>-'',-Mi,(/,(j-0-,i*})u{p})^ 
ieJ-{i*} i'GJ-{i*,j} 

= (cj)iej-{j*})(|7|jj|_i) + (c;cj-l, (cj')j'6J-{i*,i})(|/|jj|„i)- 

We have thus derived the first identity in Theorem 11.11 from Proposition 12.11 and Lemmas 12.21 
and ESI 

3 Proofs of Main Structural Results 
3.1 Proof of Lemma HHl 

Suppose / is a finite set and i,j are distinct elements of /. It is well-known that the normal bundle 
^fM^ J'^l,e^J of A^i.ft, in TWi,/ is given by 

^M,,^i,e,j = 7r*pLpm*BLg = TT^pLp, (3.1) 
where ttb and ttb are as in (|2.6|) and 

Lp — > -A^i^(/_{ij})u{p} and Lg — > -A^o,{5,i,j} 

are the universal tangent line bundles for the marked points p and q; see 0, for example. The last 
equality in (|3.1() is due to the fact that M.o,{q,i,j} consists of one point. 

Suppose in addition that 

Q={lp,{Ik:keK}) eAi{I) and g Qij. (3.2) 
Then, by the definition of the partial ordering -< in ()2.2() . 

C Ik for some k £ K. 
We define fiij{g)£Ai{{I-{i,j})U{p}) by 

UlpU{p},{h>:k'GK-{k}}), if4 = {^,i}; 

^''^^^ \{lp,{{h-{i,j})U{p}}u{h::k'eK-{k}}), ifh^{i,j}. 

It is straightforward to see that 

Ml,,., nMi,, = X Mo,{g,ij} C ATi,(,_|,,,|)u{p| x Mo,{g,ij}- (3-4) 
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Lemma 3.1 If I and J are finite sets, and j(zJ, then the map 

l^ij-. {geAi{I,J): g^Qij} ^ Ai{{I-{i})u{p},J-{j}) (3.5) 
is an isomorphism of partially ordered sets. 

This lemma follows easily from ()2.2() and ()3.3|) . It implies that given an order < on 

A^{iI-{i})u{p},J-{j}) 

extending the partial ordering ~<, we can choose an order < on Ai(I, J) that extends the partial 
ordering ~< such that 

ei,Q2 -< Qij-, fJ-ijiei) < fJ-ij{Q2) =^ Ql < 62- 

Below we refer to the constructions of Subsection 12.11 for the sets 

Ai{{I-{i})U{p},J-{j}) and Ai{I,J) 

corresponding to such compatible orders <. We extend the map fiij of (|3.5|1 to {0}U^i(/, J) by 
setting 

Hi j {ma.x{ g' <g : g' Qij}), if 3 g' < g s.t. g'^Qif, 
0, otherwise. 



Lemma 3.2 Suppose I and J are finite sets, i€l, and j^J. If g&Ai{I,J) and g<gij, then with 
notation as in Subsection \2.1\ and in \2. 5\) 

= ■^l,((/-{i})U{p}),J-{i}) ^ -^O.ig.ij}, 

where 

^P- ^^U{I~{r})U{p},J^{j}) ^ ' ^'^U{I-{i})U{p},J~{j}) 

is the projection map onto the first component. 

By (|2.5p . ()2.7p . and (|3.1|) . Lemma holds for q = Q. Suppose g^Ai{I,J), g<gij, and the three 
claims hold for g—1. If g-/(gij, then 

fj-ijig) = iJ-ijig-'^) =^ 

■^U{i-{i})u{p},j-{j}) = ■^t(a-{i})u{p},J-{i})' ^^^^J((^) =%,;j(£'-i)' = (£)-!),? • (^-6) 

On the other hand, since g and gij are not comparable with respect to -<, the blowup locus M.^^^^ 
in A^i (/ J) is disjoint from Aii^^\; see Subsection 12. II above and Lemma ?? in |VZj . Thus, 

MI^,,=MI~\, EJ™ =E„_i|™-i, Jil =M , MVo^.- (3.7) 

By ()3.6() . (|3.7() . and the inductive assumptions, the three claims hold for g. 
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Suppose that q -< Qij. Since all varieties A^i,^' intersect properly in in the sense of 

Subsection ?? in |VZj . so do their proper transforms -M^ J in -Mljj jy Furthermore, 

is the proper transform of 

Mi,g,^nMi^g c Mi,g^^ c Mi,{i,j). 
Since Q^Qij, fiij{g—l) = fiij{g) — l. Thus, by H3.4() and the inductive assumptions. 

Since -M^ gl^. and A^i.^,^ intersect properly, the proper transform of -M^J.^. in A^i^(7^j), i-e. the 
blowup of J) along A^i is the blowup of M^J.. along MiJ.^nAilJ^; see Subsection ?? 

vup of 

— r— 7//ij(f^) — 1 . . 

-^l,((/-{i})UM,J-{j}) X -Mo.jg.iJ} 



in |VZj . Thus, MI^^.. is the blowup of 



along ^ -^o,{g,i,j}- By the construction of Subsection 12.11 this blowup is 

■^U{I-{i})U{p},J-{j}) X Mo,{q,i,j}. 

Furthermore, by (|2.4|) and the inductive assumptions. 

We have thus verified two of the three inductive assumptions. 

It remains to determine the normal bundle A/^e Aii ^-. of Mi^^. . in We note that 

by (m and O, 

if g is as in p.2|l . Furthermore, if /fc = {i,j}, then 
Thus, by Subsection ?? in |VZj . 



(3.9) 
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On the other hand, if Ik^{i,j}, -^1,5 -^Ifij intersect transversally in M^^ j^, since Mi^g 
and -Mi^g.. intersect transversally in Mi^(ij)- Thus, 

The final inductive assumption now follows from the corresponding statement for g—l, along with 

dn-dsiini)- 

Corollary 3.3 With notation as in Lemma \2.<H 

A^l,e,,, = ■A^l,({/-{i})U{p},J-{i*}) X Mo,{g,^J*}, 

=0, and {f*4,)\~ =7r*pti^. 



By the paragraph preceding Proposition 12.11 and the first statement of Lemma 13.21 

= Xi,({/-{i})u{p},j-{j*}) X 7Wo,{g,i,j*}' 
since ^ij*{Qij* — ^) is the largest element of 

(^i((/-{i})uM,j-{r}),<), 

according to Lemma l3. II 

Since Qij* is a maximal element of {Ai{I, J), -<), 



Thus, by (|2.4|) and the second statement of Lemma l3. 2 



+ E-^LIa...... =^p^+-^i,..*U,...- (3-11) 



By the third statement of Lemma 13.21 

The second statement of Corollarv 13.31 follows from 1)3.11(1 and l|3.12() . 

Finally, by the last statement of Proposition 12.11 the second statement of Corollarv 13.31 (|2.12() . 
and dSini), 



.i^jj* '''jj* '^ij* 

This concludes the proof of Corollary 13.31 
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3.2 Proof of Lemma 

The proof of Lemma 12.31 is analogous to the previous subsection. If / is a finite set and are 
distinct elements of /, let 

Ml-Jf ) = {q^Ai{I) -{Qjr}:Mi,,^^,nMi,, ^ 0} 

= {{lp,{Ik:keK})eAi{I) -{gjj*}: {i,J*}c4 for some kG{P}UK}. 



For each geAi{I;jj*), we define rijj,{g) £Ai{iI-{j, j*})U{p}) by 
Vjj*{Q) 



'{{Ip-{j,J*})U{p},{h>:k'eK}), iilp = {j,j*}; 

{lpU{p},{h':k'GK-{k}}), iih = {j,j*}; (3.13) 

. (/p, { (4 - {j, J*}) U M }u{h,:k'eK- {k}}) , if 4 D {j, j*}. 



It is straightforward to see that 

A^i,,,,. n Ml,, = Mi,^.., (,) X Mo,{gj,j*} C ATi,(/-o,,*})uM x Mo,{g,jj*}- (3.14) 
Lemma 3.4 If I and J are finite sets, j,j* (zJ, and j^j*, then the map 

rijj*: Ai{I,J)nAi{IlAJ;jf) ^ Ai{{I,{J-{j,f})^{p}) (3.15) 
is an isomorphism of partially ordered sets. 

This lemma follows easily from (|2.2|) and (|3.13j) . Note, however, that it is essential that j, G J 
and thus the second case of ()3.13|) does not occur if 

Q(^Ai{I,J)nAi{lUJ-jj*). 

Lemma l3 . 41 implies that given an order < on 

^i((4(j-{j,n)uw) 

extending the partial ordering -<, we can choose an order < on ^i(/, J) that extends the partial 
ordering -< such that 

QUQ2 G Al{I,J)lr^Al{IUJ■jf), r]jj*{gi) < r]jj,{Q2) =^ Qi < Q2- 

Below we refer to the constructions of Subsection 12.11 for the sets 

A((4(J-{j,r})uM) and Ai{I,J) 

corresponding to such compatible orders <. We extend the map rjjj* of (|3.15j) to {0}U^i(/, J) by 
setting 



r?jj.(max{^'<e : q' eAi{IUj-jf)}), if 3^'<e s.t. q' eAi{IUj- jf); 
0, otherwise. 
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Lemma 3.5 Suppose I and J are finite sets, S J, and j ^ j* . If g & Ai{I,J), then with 
notation as in Subsection \2.1\ and in \2. 5\) 

where 

7TP : Ml"lj'j^{jj*y)u{p}) X ^0,{q,j,j*} -^i"(7,(J-{i,i*})u{p}) 
is the projection map onto the first component. 

By (|2.5|) and (|2.7|1 . Lemma l331 holds for g = 0. Suppose q€Ai{I, J) and the three claims hold for 
g-l. If £<0^i(/Uj,ji*), then 

^i,{iilj-{jJ*}Mp}) = ^UiUJ-{j,r}Mp}) ' is) = ^Vjr (f-i) • (^-^^^ 

On the other hand, since 

the blowup locus in Mi j-, is disjoint from M-l^^.^ . Thus, 

■^■^ 33 

By (|3.16p . ()3.17p . and the inductive assumptions, the three claims hold for g. 

Suppose that f3€^i(/U J, jj*). Since all varieties Mi^q' intersect properly in Mi^(i^j), so do their 

proper transforms A^i^^'^, with g' > g — 1., in M.\ (\ jy Since Mi^g is not contained in the divisor 

Mi^g.„, ■^i,Q Mi g..^ intersect transversally. Thus, using the first statement of the lemma 
with g replaced by g—'i, we obtain 



Furthermore, 

is the proper transform of 

Since g^Ai{IlAJ,jj*), r]jj*{g—l) = r]jj*{g) — l. Thus, by (|.S.14|) and the inductive assumptions, 

Since A^i^^^^, and M^^^^ intersect properly, the proper transform of M^^g^^^^ in Mij^j jy i.e. the 
blowup of along ^AlJ^, is the blowup of Mi^J.^, along ^AlJ,,^ ^\^4l^J^■, see Subsection ?? 

in |VZj . Thus, Mf^g..^ is the blowup of 
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along '^o,{q,j,j*}- By the construction of Subsection 12.11 this blowup is 

-J-JV jj*{c>) -7-7 

Furthermore, by (|2.4() and the inductive assumptions, 



''33' 



'33' 



We have thus verified the three inductive assumptions. 
Corollary 3.6 With notation as in Provosition \2. IV 



IT 



-1 



and i^l^ = =n*pi^- 
'^33 '^33 



By Lemma ITU r?jj*(£>max) is the largest element of 

(A(/,(j-{j,r})u{p}),<). 

Thus, by the first two statements of Lemma 13.51 

= ^l,(7,(J-{ij*})U{p}) X -^O.i^jj-} = A1i,(/,(j_{jj*})u{p}) X Mo,{g,iJ*}- 

By the last statement of Lemma 13.51 

Finally, by the last statement of Proposition 12.11 and (|2.15|) . 

'^33 •'^33 .^r '^33 

l&I 

This concludes the proof of Corollary 13.61 
3.3 Proof of Proposition 12. Il 

In this subsection we prove Proposition 12.11 In fact, we show that there is a lift of the forgetful 
map / of Proposition 12.11 to morphisms between corresponding stages of the blowup construction 
of Subsection 12.11 for and for A^i (/ see Lemma below. 

First, we define a forgetful map 
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Figure 5: Images under the Forgetful Map 
If g={IpUjp, {/fcUjfc: keK}), we put 

'(/pu(jp-{j*}),{4ujfc: keK}), ifi*G Jp; 

fiQ)= I {lpUjp,{hU{Jk-{j*})}U{h,UJk':k'eK-{k}}), ifj*£Jk, \Ik\ + \Jk\>2; 
^{{IpU{i})Ujp,{Ik'UJk>: k' GK-{k}}), if 4Ujfc = {ii*}. 

These three cases are represented in Figure 13 We note that for all pGAi{I, J—{j*}), 

(p) 

Furthermore, 

pi,P2eAi{I,J-{j*}), pi^P2, Qi^f'^iPi), Q2^f~^{p2), Qi<Q2 => Pi-<P2- 

Thus, given an order < on J—{j*}) extending the partial ordering we can choose an order 

< on Ai{I^ J) extending -< such that 

pi,P2(^Ai{I,J-{f}), pi<p2, Qi^r^ipi), Q2^f~^{p2) =^ Ql<Q2- 

Below we will refer to the blowup constructions of Subsection l2.1l for and for A^i^(7_j_{j*}) 

corresponding to such compatible orders. For each pGAi{I, J—{j*}), let 

p+ = max/"^(p) € J) and = min/~^(/>) - 1 G {0}U^i(/, J). 

If p is not the minimal element of Ai{I,J—{j*}), then p~ = (p— 1)+. 

Lemma 3.7 Suppose I, J, and f are as in Provosition \2.1\ For each p(^Ai{I, J—{j*}), f lifts to 
a morphism 



over the projection maps 



see Figure\^ Furthermore, 



fp'{Mip,)= U-^L '^P*>P E^+ = /;Ep. (3.18) 
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M 



1,/U.7 



^ TIP 



I 



^ TIP 



^P-^ , -r-Tp-l 

J^l,(I.J-{j'}) 



Figure 6: Main Statement of Lemma 13.71 and Inductive Step in the Proof 



Proposition 12.11 follows easily from Lemma 13.71 bv taking p = praax, where Pmax is the maximal 
element of Ai{I, J—{j*})- We note that 

{QeAiiI,J): g>pL.} = {g(^Ai{I,J): f{g) = {IU{J-{j* }),$)} = {gij^-.iel}. 

Since cM-ijuj is a divisor for every iGl, so is 



luj- 



Thus, by the construction of Subsection 12.11 



Mijuj ^ Mfjuj = Mljuj and 

where f = fp^,^. 

Lemma lim holds for p = OG {0}U^i(/, J-{j*}), if we define 0+ = 0. Suppose 

p={lpUjp,{IkUJk: k£K}) e Ai{I,J-{j*}) 

and the lemma holds for 

p-i G {o}u^i(/,j-{r}). 

The elements of f^^{p) cAi{I, J) can be described as follows. The largest element is 

p+ = {lpU{JpU{j*}),{IkUJk: keK}). 

Furthermore, for each k^K and i(zlp, 

Pkif) = {lpUjp,{hU{JkU{j*})}u{h'UJk': k' eK-{k}}) e r\p); 
p^{r) = {iIp-{i})^Jp,{{hj}}u{h'UJk'■.k'eK})Gf-\p). 

It is straightforward to see that 

rHp) = {pkU*)--k(^K} U iG/p} U {p+}. 

Furthermore, p'^ is the largest element of while no two elements of the form pk{j* 

and/or Pi{j*) are comparable with respect to -<. Thus, 



yi,k £ IpUK, i^k; 
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see Subsection 12.11 In fact, 

^i,Pk{j*) ^^i,MJ*) = ^ Vi,/c E IpUK, i^k; 
see the proof of Lemma ?? in |VZj . 



All varieties A^i,^,* are smooth and intersect properly in A^i,(/,j) in the sense of Subsection ?? 

in |VZj . Thus, all varieties A^^^^*, with g* > , are also smooth and intersect properly in Mi j^j jy 
It follows that for every k&K and every point 

we can choose neighborhoods [7 of p in U of /p-i(p) in j.jj.}), and coordi- 

nates (z, f , t) on [/ such that 

(i) C/ = /p-i(C/); 

(ii) C/ = {(z,t;)gCI^I+I^I-I^|-1xC^}; 

(iii) M'l~^nU={{z,v)eU: v = 0}; 

(iv) c7={(z,t;,t)ECl^l+l^l-l^|-ixC^xC} and /p_i(z,v,t) = (z,?;). 
These assumptions imply that 



Ml^^(^j,)nU = {{z,v,t)eU:v = 0}. 

IW 

under the projection map is 



Since A^i (7 is the blowup of Mi (| along Mi ^, the preimage of U in 



along 

preimage of C/ in Mi ^ j^ under the projection map is 



Since A^i^(7^j) is the blowup of along ■^i,p^(j*) and subvarieties that do not contain p, the 



V = {{z,v,t;i)eUxF{C^):v££}, 

provided U is sufficiently small. Thus, the map fp-i : U — >U lifts to a map fp: V — >V. This lift 
is defined by 

fp{z,v,t;£) = {z,v;i). (3.19) 



Similarly to the previous paragraph, for every 

we can choose neighborhoods [7 of p in A4^ (/ j), U of /p-i(p) in Al^ (/ and coordi- 
nates (z, V, t) on [7 such that the conditions (i)-(iv) are satisfied, with ■M.i^pf,[j*) replaced by M.i^p+- 
Thus, if 

i&Ip 
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the map /p_i lifts to the preimage of a neighborhood of p in Al^ j), just as in the previous 
paragraph. 

On the other hand, suppose 

for some ielp. Since ■Ml^p^(J*) cM.i^p+ is of codimension-one, 

is also of codimension-one. We can thus choose local coordinate so that 

riU = {{z,v,t)eU:v = 0,t = 0}. 

Since A^i (/ j) is the blowup of A^^/^j) along Ali,p;(j*) and subvarieties that do not contain p, the 

— P+-1 

preimage of U in Mi (^i j^ under the projection map is 

V = {{z,v,t;i')eUx¥{C^ xC) : {v,t)e£'}, 
provided U is sufficiently small. It is immediate that 

^C+^ = {(^'0'*; [a,/3])Gf/xP(C^xC): a = 0}, 

where Mi p+^ C M.i (^j j^ is the proper transform of Aii p+. A neighborhood of M^p+^nV is 
given by 

[/' = {(z,u,i)G d^l+l-^l-l-^l-^xC-^xC}, {z,u,t)< — > {z,ut,t;[u,l]) eV. 

— p+ — p"*"— 1 — p^— 1 ~ — p'^ 

Since A^i g j) is the blowup of Mij^j j^ along M-i p+ , the preimage of U in A^i^g^j) under the 

projection map is 

W = {{{z,u,t;£)eV'xF{C^) : u££} U {{z,v,t; [a, P])eV : a^O}) / ^, 
{z, u, t; i) ~ (z, ut, t; [u, 1]) . 

Thus, the map /p_i : U — >U lifts to a map fp-. W — >V. This lift is defined by 

fp{z,u,t;£) = {z,ut;£) and fp{z,v,t;[a,P]) = {z,v;[a\) (3.20) 

on the two charts on W. Note that if n^^O, then [u] =£e¥(C^). Thus, the map fp agrees on the 
overlap of the two charts. 

Finally, suppose that 

for some k ^ K. Since the varieties Mi^g* intersect properly in A^i, (/,,/), -^i,p^(j*) and Mip+ 
intersect properly in and ■Mi,pi^(j*)^-^i p+ is the proper transform of A^i,pj,(j*)nA^i p+. 
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Thus, Al5',pfe(j*) '"'•^1 p+ is a divisor in TW^^^^^^.^ and in Mip+- If follows that we can choose 
neighborhoods U of p in U of fp-i{p) in and coordinates {z,v,Wk,w+) 

on [/ such that 

(i) u=fp.i{uy, 

(ii) ;7 = {(z,t;,u;)GCl^l+l'^l-l^l-ixC^-WxC}; 

(iii) M^^'p^nU={{z,v,w)eU: v = 0, w = 0}; 

(iv) U = {{z,v,Wk,w+)eC\'\+\J\-\^\-^ xC^-WxCxC}, w;^, «;+) = (z, t;, 

(v) ATi_p^(j-.)n[/={(2;,w,tt;fc,w+)ef/: u = 0, u;+ = 0}; 

(vi) M''^p+nU = {{z,v,Wk,w+)eU: t; = 0, -^^ = 0}. 
Similarly to the above, the preimage of U in Al^ j) under the projection map is 

V = {{z,v,w;i)eUxF{C^-^^^xC): {v,w)e£}. 

Since -Mij^j j^ is the blowup of along J^i p^{j*) and subvarieties that do not contain p, the 

— P+-1 

preimage of U in (/ j) under the projection map is 

y = {(z,t;,w7fc,zx;+;4)Gf/xP(C^-«xC): (r;,Tx;+)G4}, 
provided f/ is sufficiently small. It is immediate that 

m('~+^ = {(z,0,0,u;+; [a, /?]) G ?7 x P(C^-W x C) : a = 0}, 

where M.ip+^ C j) is the proper transform of M.ip+- A neighborhood of M.'[ p+^ {~^V is 

given by 

U' = { (z, u, uk,w+) G cl^l+l^l-l^'l-i x C^^'-« X C X C} , 
{z,u,Uk,w+) < — > {z,u'w+,Uk,w+; [u, 1]) G V. 

Since AI^ j) is the blowup of Al^ j) along A/i^p+ , the preimage of U in Aii^(/_j) under the 
projection map is 

W ={{ {z, u, Uk,w+;£)£ V' X P(C^- W x C) : {u, Uk)£i} 

U {{z,v,Wk,w+; [a,f3])eV: a/O})/ ~, 
{z,u,Uk,w+;i) ~ {z,u'w+,Uk,w+; [u, 1]). 

Thus, the map /p_i : [/ — >C/ lifts to a map /p: W — >V. This lift is defined by 

fp{z,u,Uk,w+;£) = {z,uw+,UkW+;£) and ^^^^^ 
fp{z,v,Wk,w+; [a, (3]) = {z,v,WkW+; [a,Wkf3]) 

on the two charts on VF. It is immediate that fp is well-defined on the overlap of the two charts. 

Remark: The first equality in ()3.18p should be viewed as incorporating the above information con- 
cerning the local structure of the projection map. It is easy to see from the verification of the first 
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equality in p.lHj) below that this additional information is preserved by the inductive step as well. 
It remains to verify that the two equalities in ()3.18|) still hold. Let 

be the projection maps. By the construction of the line bundles in Subsection 12.11 

Ep = 7T*p_,Ep + M^^ and (3.22) 

where 

are the exceptional divisors for the blowups at the steps p and g. Since all divisors '^p+ gi-^Lo) 
are distinct, 

E v^(^L) = v,V ( U K.) = v^p- (/p-\(A^rp')) 

ee/-i(p) ^ee/-i(p) ^ (3.24) 

= fp-\-:,WMO = fp\Mip) = f;{Mi). 

The second equality in 1)3. 18() follows from the same equality with p replaced by p—1, along with 
Suppose next that p* > p. Since 

7rp,p-i o fp = fp-i o '^p+,p-, 
M-i^p* is the proper transform of A^^^i, and Aii ^, is the proper transform of M^ ^*, 

g'ef~Hp') 

by the first equation in 1)3. 18(1 with p replaced by p—1. We will next verify the opposite inclusion. 
Suppose 

7P ^r- f-ii 



qeMi^p,, pe/p (g), and 

-T7P~ 

J)- 



P = ^p+,p- iP) e /p-i {M^pl) = U -^L* c mQj^ 



p*ef'Hp*) 



liTTp^p^i{q)^Mlp^, then 



fp\<i) = f;\{^p,p-M = p e U -^C' - U C U Ks* 



22 



as needed. 



Suppose that 

First, we consider the case when 

for some k^K. Since Mi^p and Mi^p* intersect properly in we can choose local 

coordinates {z,v,t) near p as in the first case considered above such that for some Kp* CK 

(v) M',-lnU={{z,v)eU: zeMl'l^y, r;GC^p*}. 
This assumption implies that 

MipriM',^^. nV = {{z,0;i)eV: zeMl;'^,y, £gP(C^p*)}. (3.25) 
In addition, by (iv) and the structure of fp-i, 

U Ml^, nu = f;\ )nu = {{z,v,t)GU:zG Ml;'p, y,ve C^p* } . 

e*6/-l(P*) 

Since -^i,pj.(j*) and Mi g* intersect properly, it follows that 

e*e/-i(p*) 
Using (|3.19jl . we conclude that 

P G {/plv'}"'(Kp*nAT?,p) = U mC ^m(p^^^,) n V, 

f*e/-i(p*) 

as needed. 
Suppose next that 

P^M',^p+- U^i,P.(i*)' 

i.e. as in the second case considered above. We can again choose Kp* cK so that Condition (v) in 
the previous paragraph is satisfied. If 

then the same argument as in the previous paragraph, but with replaced Pk{j*) by p^, shows that 

e*G/-l(P*) 

On the other hand, suppose that 

P^^Lw) 
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for some iGlp. Then, with notation as in the construction of the map fp in this case, 
U A^C^^ nv = {{z,v, t; £')eV: zeM^'l,)] ^' elP(C-^^* x C)} =^ 

U '^Ce*^ nU' = { {z, u, t) £U':ze Ml~l*y, u £ C^"* } =^ 

e*G/-l(P*) 

U^C ^^P+]p-i'^Lu')) = {{z,u,0;e)eW:zeM'^-l,y, £gP(C^p*) CP(C^)} 

e*G/-l(P*) 

U {{z,0,0;i')eW: zeM^p^l^y, gP(C^''* x C) CP(C^ x C) }. 
Using H3.2U() and (|3.25p . we conclude that 

P e {fpl (^.- ^ .^^y {Ml^ ^Ml) = U n v,V {Ml^ir)) n ^■ 

Note that the map fnl , „- ~ is a P^-fibration, while the map f„|,7 of the previous para- 

graph is a C-fibration. 

Finally, suppose that 

for some k(zK. With notation as in the corresponding case in the construction of the map fp and 
with a good choice of local coordinates, we have two cases to consider. There exists Kp* ClK—{k} 
such that 

Case 1: Mi^plnU = {{z,v,w) eU : zeM''^p^l,y, veC^p*}; 

Case 2: M^^'lnU = {{z,v,w) eU : zeM^'l^y v^C^p*, w = 0}. 
In the first case, we have 

Mi^p^nWi^pHV = {{z,0,0;l)eV: zeM'lp^l.y ie¥{C^p' xC)} and (3.26) 

U Mi,^ nu = f;\{MZp') nu = {iz,v,Wk,w+)eU: zeMl;'p.y vgC'p*}. 
e*e/-i(p*) 

It follows that 

\jM(^:^nV = {{z,v,Wk,w+;ik)eV:zeM'^~l,y 4 GPlC^"* x C)} =^ 

g*ef-Hp*) 

U ^f,^' n L^' = { {z, u,Uk,w+)e U': zeMl;'^,y u G C^^"* } =^ 
g*ef-Hp*) 

e*e/-i(p*) 

= {{z,u,0,0-J)eW: zeM^p^l^y eeF{C^p* xC)} 

U { (z, 0, 0, 0; 4) G : ^ G A^Cp^p.); 4 GP(C^''* x C) } . 
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Thus, by (TT^ and (TO)!) . 



e*6/-i(p*) 



In the second case above, 

Mlp^nM^pHV = {{z,0,0;e)eV: zeM'l'l^y, £e¥{C^p* xO)} and (3.28) 
U M^p, nU = f;\ (AT?-,!) n [/ = 4^" U if , where 

i| = {(z,t;,it;fc,ii;+)G?7: zGA7('^,*); ?;GC'^''*, i(j® = 0}, ® = A;,+. 

We denote by -E^ and ^'^ the proper transforms of Z'j^ and in V and by and Z'^ 
the proper transforms of ^ and in VF. Then, 



if -1 n f/' = { (z, u, 0, u;+ , ) e ?7': z e ATf ; u G C^p* } ^ 
4'" n vf (ATf +n7wf ^(,..)) = {(z,u,0,0;^)gH?: zGTWf;;,); £GP(C^p* xO)} ^^^^^ 

U { (z, 0, 0, 0; 4) G : ^ G ^fpTp*) ^ G P(C^p- x C) } . 

Similarly, 

if-^ = {(z,t;,u;fc,0;4)Gi^:^GAT('p;p*); 4Gnc'^^*xO)} ^ n C7' = =^ 

if n^^;f (Twf +n7wf ^(,.,)) = {(z,o,o,0;4)gW^: ^eA^'p";;.); 4gP(C^''* xo)}. (3.30) 

Since 



U -^L- n v,p-(-^rp+n-Mrp.o-)) = (4'"nif ) nvr^;f (KfnA^f ^(,.)), 

p*G/-l(P*) 

we conclude from (|3.2H) and (|3.28|) - (|3.30|) that (|3.27jl holds in this case as well. 
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